Abstract. Least squares collocation method (LSC) is a versatile numerical method for solving boundary value problems for PDE. The present article demonstrates the abilities of LSC to solve various problems -in particular, calculations of bending of isotropic irregular shaped plates and multi-layered anisotropic plates. In order to achieve higher accuracy, new versions of the method utilize high-degree polynomial spaces. The numerical experiments demonstrate high accuracy of the solutions.
Introduction
The least squares collocation method (LSC), as the name suggests, is a combination of two methods. In LSC, the initial differential problem
with boundary conditions lu(x) = g(x),
is projected by collocation into a finite-dimensional functional space. Different polynomial spaces are often used as functional spaces. Here, L and l denote differential operators, u = (u 1 , u 2 , . . . , u m ) -unknown vector function, x = (x 1 , x 2 , . . . , x n ), x 1 , x 2 , . . . , x n -independent variables, f and ggiven vector functions. The approximate solution u a (x) of the problem (1), (2) is represented as a linear combination of basis elements φ i (x) of selected functional space with unknown coefficients c i :
If the initial problem is nonlinear, we can utilize linearization and include nonlinearity iterations in algorithm. Therefore, (1) and (2) are considered as linear onwards.
The domain Ω is covered by a grid, with a local solution required for each grid cell. Similarly to collocation method, in order to define a local solution, collocation equations are obtained by substituting (3) into (1) at given points x c ∈ Ω. Boundary conditions are obtained by substituting (3) into (1) at given points x b ∈ ∂Ω . Additionally, LSC requires matching conditions (MC) between solutions in neighbor cells. Matching conditions must not contradict the definition of problem solution. Choice of MC type is up to the mathematician. An example of MC are continuity requirements for analytical relations l m (u) = 0 defined at selected points x m on common sides of neighbor cells. Thus, the system of linear algebraic equations (SLAE) for unknown coefficients c = (c 1 , . . . , c N ) is constructed of collocation equations Lu a (x c ) = f (x c ), boundary conditions lu a (x b ) = g(x b ), and matching conditions. In order to define a local solution in each cell, an overdetermined (local) SLAE A e c = b e with a rectangular full-rank M × N matrix A e , (M > N) must be formed. The set of all local SLAE produces the global SLAE Ac = b. The matrix of this global SLAE is coarse, therefore, algorithms that take matrix coarseness into consideration are best suited for its solution. In practice, for the global SLAE solution, it is convenient to use an iteration process based on direct methods for the local SLAE. In order to do this, all cells of the domain are sequentially processed in one "global" iteration, and in each cell, local SLAE are solved with direct methods. During this process, coefficients c in neighbor cells can be taken from the previous global iteration (Gauss-Jacobi process) or current iteration (Gauss-Seidel process). Implemented versions of LSC are further detailed in [1, 2, [7] [8] [9] [10] .
Several methods can be used to solve the corresponding linear least squares problem. Within the normal equations method, we define a vectorč from the set of all possible pseudosolutions of the overdetermined system A e c = b e as a solution of the system A Here, the residue r = (r 1 , . . . , r M ) ≡ A e c − b e . The same solutionč of system A e c = b e can also be found by QR decomposition of the matrix A e . In order to achieve this, we use conventional methods to find an orthogonal matrix Q such that the first N rows of the matrix R e = QA e would form the upper triangular matrix R; the solution is then found by solving the first N equations of the system R e c = Qb e . If ν is the matrix condition number, the following relations hold: ν(A 1 ) = ν 2 (A e ) and ν(QA e ) = ν(A e ). Thus, if the SLAE is ill-conditioned, the second method is favorable. This circumstance was systematically taken into account during the development of LSC versions for solving various types of problems.
Presently, different LSC versions are implemented for various PDE system types, with different approximation orders, with regular and irregular grids including irregular domains, using multi-grid complexes, preconditioners, Krylov subspaces, utilizing varied polynomial spaces, different matching conditions. We simultaneously investigated method properties and applicability for problems with singularities, comparing numerical results with those published by other authors and found in benchmark problems. LSC has been successfully used in solving problems of viscous flow in cavities, calculating 3D thermophysical processes in laser welding of plates made of homogeneous and heterogeneous metals (including multi-layer composite insets), calculating stress in isotropic and anisotropic plates of various shapes, plates and rectangular beams made of composite materials, and so on. We briefly explain some of the aforementioned and new results.
p-and hp-versions of LSC method
Each cell of the grid Ω i , (i = 1, . . . , K) has local coordinates for convenience, e.g. in case of a 2D domain:
For a grid with rectangular cells (x * 1 , x * 2 ) is cell center; h = (h 1 h 2 ) 1/2 -cell dimensions along x 1 , x 2 axes, respectively. We will use the term h-version of LSC if the grid has a great number of cells and the solution representation for (3) has a small number of basis elements. Conversely, a p-version of LSC has a single cell with possibly many basis elements in the representation (3). Initially, the researchers used and studied h-versions of LSC for solving mathematical physics equations and Navier-Stokes equations; these versions had small degree of basis polynomials [1] , but sufficient for the approximation of (1), (2) . However, achieving good solution accuracy using h-version with low approximation order requires substantially finer grids and respectively large SLAE. The inevitable rounding error accumulation significantly limits the potential of h-versions of LSC. p-versions of the method (pseudospectral versions) were later examined [7] : the domain consisted of one cell, and various high-degree polynomials were used to achieve acceptable solution accuracy. Numerical experiments showed that using p-versions may yield acceptable solution accuracy for applied problems, e.g. layered fluid flow, isotropic and anisotropic plate strength. However, if solution smoothness is limited, usage of p-version may be inefficient. Variants of hp-versions of LSC are most practical when used with moderate values of basis polynomial degrees and a moderate number of grid cells. They are more flexible and efficient than h-and p-versions.
Let us demonstrate the above by solving the Dirichlet problem for the Poisson equation:
The exact solution is a product of functions from Runge's example [3] :
The approximate solution u a (x 1 , x 2 ) has a form
where T i (ξ) -i-th degree Chebyshev polynomials. The roots of polynomials serve as coordinates for collocation, matching, and boundary points. Usage of p-version (single cell) with N 1 = N 2 = 100 allowed to achieve a solution in C-norm with error E c = 1.96 · 10 −7 , whereas hp-version with only four cells and N 1 = N 2 = 25 led to error E c = 3.10 · 10 −14 . The advantage of the hp-version over the h-version was noticed while attempting to improve solution accuracy of the benchmark problem of viscous flow inside a square cavity with Reynolds number within the interval [1000; 7500]. Numerical experiments conducted on hp-version with a monomial basis (max degree 6) and Re=1000 yielded solution accuracy of ≈ 10 −8 . This was determined after a large number of numerical experiments and comparison with results of high-accuracy solutions published by other researchers.
Application of LSC method to calculation of stress and displacement fields in composite plates
Stress and displacement fields calculation in composite constructions and elements is an important problem for various industries. Numerical modeling in this field of knowledge often allows to substitute physical experiments, thus accelerating and cheapening the development of new materials and constructions. Researching strength properties of multi-layered composite plates under load often requires stress and displacement fields calculation. Assume that the plate layers consist of materials with different strength properties, and these materials are in elastic state. Such calculation can be performed by means of 3D elasticity theory. This approach requires solving a complex resource-intensive problem, i.e. solving a system of 3D equations for every layer while considering interaction conditions between layers. Solving this kind of problem requires significant computational power, which considerably lowers the effectiveness of numerical modeling. To solve this problem with a desktop computer, instead of 3D elasticity theory, we suggest using its 2D approximations. We use three composite plate theories: classical laminated plate theory (CLPT) [4] , first shear deformation theory (FSDT) [4] , and Grigolyuk-Chulkov theory (GCT) [5] . It is necessary to define their accuracy if possible and evaluate their applicability area. Therefore, the numerical method must not add any error to PDE solution greater than the error of the observed models. In order to evaluate the applicability of each model, results were compared to those derived from 3D elasticity theory. In particular, for bending problem of three-layered plate under uniform load [6] . A substantial number of calculations has been performed. Results of one of them are demonstrated in table 3. 
Solving boundary value problems for PDE in irregular domains with high-order accuracy
Lately, mathematical modeling specialists have concluded that development of new methods with high-order accuracy is required, due to the necessity of modeling complex physical processes. In particular, high accuracy numerical methods are required for solving problems in irregular domains, since most simulated physical processes take place in such domains. Development of these methods based on conventional methods is impossible or significantly difficult. For instance, in finite difference methods, a boundary condition related to boundary points is assigned to nearest grid nodes not located on boundary. An error of order O(h) is thus brought into the finite difference solution. In many cases, the approximation order of the solution is rarely higher than 1. With relative ease, the LSC method allows an approximation of the problem (1), (2) with high-order accuracy in variously shaped domains. Its evident property is that the approximate solution inside each grid cell is not strictly dependent on the cell shape. This allows to select a single layer of variously shaped cells near domain boundary and approximate the boundary conditions at points x b which are located exactly on the boundary ∂Ω. The above feature gives an opportunity to avoid the irremovable error related to shifting points away from boundary. Obviously, working with variously shaped cells complicates the algorithm for the problem (1), (2) approximation. Different implemented versions of these algorithms have relatively varied solution accuracy for the same domain. Since it is not possible to describe them in detail here, we only point out their characteristic features which are also used in other methods. For example, it became apparent that using a regular grid within the domain Ω is advisable in versions with rectangular cells implemented in [9, 10] . In this case, the transition from cell to cell during calculations is done by simply shifting the index (cell number) by 1. Therefore, there is no need to store neighbor position for every cell in computer memory or use search algorithms based on graph theory. The latter complicates working program algorithms and increases solution time, as specialists point out. Let the cell intersected by the domain boundary ∂Ω be called boundary cell; its part within Ω is called the irregular cell (IC), and its part outside Ω is the extraboundary part. algorithms were automatically joined to nearest regular or irregular cells. A unified solution was then found for such joined cells. Mixed type algorithms which are more flexible than type I and II have also been implemented. A sample grid built with mixed algorithm is displayed in figure 1 . Presently, three types of algorithms have been implemented which use 2nd, 4th, 8th degree polynomial spaces for solving the Dirichlet problem for the Poisson equation over arbitrary triangular and convex quadrilateral domains (figure 1), and a domain with curvilinear boundary comprised of smooth curve pieces [9, 10] . A curvilinear boundary domain is represented either as a set of joined analytic-form curve pieces, or a discrete set of points located on the boundary (figure 2). In the latter case, the program builds a continuous spline (x 1 (t), x 2 (t)) if boundary is smooth, or a piece-wise spline if boundary has breakpoints.
An example of discretely defined domain boundary can be seen in figure 2 . We used it to verify convergence of numerical solution of the Dirichlet problem for the Poisson equation. For stress and displacement fields calculation of variously shaped isotropic plates, we implemented mixed type algorithms using 4th degree polynomial space for solving the biharmonic equation in irregular domains. Plate deflection value is defined by the solution of the biharmonic equation
In (7), w(x 1 , x 2 ) denotes the deflection of plate midplane, q(x 1 , x 2 ) -the transverse load, D = Eh 3 /12(1 − ν 2 ) -the plate rigidity under bending, h -the plate thickness, E, ν -Young's module and Poisson ratio of isotropic plate material, domain Ω -the midplane. The following boundary conditions may be specified for plate edges:
M n w = 0, V n w = 0 -free edge.
Here, n is the external normal to domain boundary ∂Ω, M n -the second order differential operator, V n -the third order differential operator [12] . . The boundary comprised of various curve pieces was used for testing purposes. The equation (7) is solved within this domain with corresponding right part and boundary values (9) , in which instead of second equation we use M n w = M n w e . The numerical solution of this test problem over a 64 × 64 grid reaches accuracy of ≈ 10 −5 (figure 3a) for deflection value. Let us examine the problem with no known analytical solution. Assume the isotropic triangular plate with vertices (0, 0), (10, 0) , (3, 6) is under the uniform transverse load q = 1 MPa. All plate edges are clamped (figure 3b). Results of this numerical experiment are shown in table 3.
Conclusion
Only several examples of LSC method calculations for PDE have been demonstrated in this article. This numerical method can be effectively applied to solving a broad variety of practically important problems due to its high versatility.
